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Charge inversion of colloidal particles in an aqueous solution: Screening by multivalent ions
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We investigate the structure of the electric double layer on charged colloids by Monte Carlo simulations.
Using the primitive model of asymmetric electrolytes, the integrated charge distribution function on a spherical
colloidal particle are also studied. With high concentrations of divalent ions, numerical results predictcharge
oscillationandcharge inversionphenomena, which the traditional Derjaguin-Landau-Verwey-Overbeek theory
cannot reproduce.
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I. INTRODUCTION

Electrostatic interaction plays an important role in aqu
ous solutions of colloids and polyelectrolytes@1–5#. While
the bare Coulomb interaction between charged colloidal p
ticles is purely repulsive, the problem is nontrivial by th
presence of the microscopic counterions, which are dispe
in an aqueous solution and screen the direct Coulomb re
sion. For weak Coulomb interaction or high dilution of th
macroions, the linearized screening theory of Debye
Hückel always leads to an effective pure-repulsive inter
tion between macroions. This phenomena is described by
Derjaguin-Landau-Verwey-Overbeek~DLVO! theory, which
predicts the screened Coulomb repulsion between cha
colloidal particles in an aqueous solution. In the DLV
theory, the effective interaction between particlesUDLVO(r )
is given by

UDLVO~r !5
Z2e2

4pe S eka

11kaD 2 e2kr

r
, ~1!

whereZ, e, k, a, e, and r denote the surface charge of co
loidal particles ~macroions!, the elementary charge of a
electron, the inverse of Debye-Hu¨ckel screening length, a
radius of colloidal particles, the dielectric coefficient of th
medium, and the center-to-center distance between two
loidal particles, respectively. The inverse screening lengtk
is given by

k254plB(
j

njqj
2, ~2!

wherelB5e2/4pekBT is the Bjerrum length andnj is the
qj -valent ion density. In general, the interaction between c
loidal particles is of importance to determine the physi
properties of various colloidal systems@6–11#.

Recently, a lot of works have been devoted to clarifyi
the counterion condensation and the attractive interaction
tween charged colloids, which are inconsistent with
DLVO theory @3,12–29#. Neu @30# and Sader and Chan@31#
have proved analytically that the nonlinear Poisso
Boltzmann equation can only yield repulsion and the num
cal result by Bowen and Sharif@32# is not correct. These
results have suggested that the attractive interaction betw
like-charged colloids in an aqueous solution is an essent
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fluctuation-based phenomenon, where the effect of fluct
tions is neglected in the theoretical treatment based on
Poisson-Boltzmann equation@1,30,31#. In this paper, nonlin-
ear screening effect of charged colloids and theirnon-DLVO
behavior are numerically investigated. We perform ‘‘io
counting’’ analysis by Monte Carlo simulation and clari
microion density profiles on a charged colloidal partic
With multivalent salt ions, the calculated results on the el
tric double layer obey the drastically different profile fro
that described by the Gouy-Chapman theory@1#. We also
confirm that the charge inversion phenomena becomes
hanced with increasing concentrations of multivalent s
ions.

This paper is organized as follows. In Sec. II, we descr
the primitive model of colloidal particles in an aqueous s
lution. In Sec. III, the numerical results on the density profi
of microions and the integrated charge distribution funct
are shown. Section IV is devoted to discussions and con
sions.

II. MODELS

We adopt the primitive model of strongly asymmetr
electrolytes to describe the colloidal suspension in an aq
ous solution, involving the excluded volume and the Co
lomb interaction of negatively charged colloidal particles
well as microions@12,15,33#. Within the primitive model,
the discrete structure of the solvent is neglected and the
vent enters into the model by its dielectric constante, which
reduces the Coulomb interaction. The linear system size ix,
y, and z directions are taken to beL (2L/2<x,y,z<L/2).
We consider a spherical macroion with the surface cha
2Ze (Z.0) and the diameterd. This macroion is placed on
the center of the cubic box, andZ monovalent counterions
are fully taken into account. The position of a macroion
fixed and not moved in the simulation. In addition,N salt
ions are randomly disposed in a cubic box. The pair poten
Vmn(r ) betweenm and n is as follows: the interaction be
tween a macroionm and a microionn is given by

Vmn~r !5H ` for r<d/21r 0

2Zqne2/4per for r .d/21r 0
, ~3!

and the interaction between microionsm andn is given by
©2001 The American Physical Society01-1
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Vmn~r !5H ` for r<2r 0

qmqne2/4per for r .2r 0
, ~4!

whereqm is the valence of a microionm, andr 0 is the radius
of microions. We impose periodic boundary conditions inx,
y, and z directions, and consider the condition of glob
charge neutrality in the system.

III. NUMERICAL RESULTS

In this section, we show the numerical results on
screening effect of charged colloidal particles. The micro
density profiles on a negatively charged colloidal particle
studied by Monte Carlo simulation in the~N,V,T! ensemble.
We start with an arbitrary microion configuration which do
not penetrate into a colloidal particle located at the cente
the box. It takes 23104 Monte Carlo steps~MCS! to get the
system into equilibrium, and 13105 MCS to take the ca-
nonical average after the equilibrium. We also take
sample average over 20 samples for each run. In the foll
ing simulation, the temperatureT and the relative dielectric
constant of watere r are taken to beT5300 K ande r578,
respectively, and the magnitude of the surface charge o
macroionZ is set to beZ520. The radius of microion core
r 0 is taken to ber 052.0 Å, respectively. Assume that i
addition toZ monovalent counterions, the system containsN
additional salt ions, where the number of added salt ionsN is
taken to beN51500. Other parameters used in the simu
tions are displayed in Table I. The system size of the cu
box is determined by the salt concentrationc and the number
of salt ionsN. To treat the periodic boundary condition o
long-range Coulomb interaction, we adopt Lekner summ
tion technique instead of the Ewald summation method@34#.
For the technical detail of treating periodic image charg
see Ref.@34#.

Figure 1 shows the density profile of counterions a
added salt ions around a colloidal particle~run A!. The sys-
tem contains 750 divalent cations, 750 divalent anions,
20 monovalent counterions. The solid line, dashed line,
dotted line denote the density profiles of divalent catio
n12(r ), the divalent anionsn22(r ), and the monovalen
counterionsn11(r ), respectively. In Fig. 1, the solid line i
monotonically decreasing atr>d/2, and the dashed line i
monotonically increasing. From this figure, we can see t
~i! the magnitude ofn12(r ) andn22(r ) becomes constant a
r→`, and~ii ! the screening lengthk21 is sufficiently small
compared with the system size of the cubic box. The form

TABLE I. Parameters for the runs A, B, C, D, E, and F.

Run c ~M! Valence of microions d ~nm! L ~nm!

A 0.09 2:2 4.0 24.0
B 0.72 2:2 2.5 12.0
C 1.25 2:2 2.0 10.0
D 2.4 2:2 2.0 8.0
E 2.4 2:1 2.0 8.0
F 1.25 1:1 2.0 10.0
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agrees well with the Guoy-Chapman theory, and the la
indicates that the finite-size effects are not relevant. Figur
shows the integrated charge distribution functionP(r ) for
run A, which is defined to be

P~r ![2Z1(
i
E

0

r

zini~r !4pr 2dr, ~5!

where the valences of microionszi are given byzi512, 22,
and21. In Fig. 2, we can see thatP(r ) becomes zero asr
→`, indicating that a charged colloidal particle in an aqu
ous solution is fully screened at the distance, sufficien
larger than the screening lengthk21.

Nguyen, Grosberg, and Shklovskii have considered
screening phenomena of strongly charged macroions@35–
37#. They have predicted that, at larger concentrations
multivalent ions, charged colloids, or polyelectrolytes in
aqueous solution strongly bind so many oppositely char
microions that the sign of the net macroion charge becom
inverted. On the other hand, in the previous theory such
Debye-Hückel approximation, the simplest screening atm
sphere compensates only a part of the macroion charge
the net macroion charge preserves signs of its bare cha

FIG. 1. The microion density profilesni(r ) for run A. The solid
line, dashed line, and dotted line shown12(r ), n22(r ), and
n11(r ), respectively.

FIG. 2. The integrated charge distribution functionP(r ) for
run A.
1-2
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This phenomena can be thought of as an overscreening e
@38–42#. The details of such charge inversion phenomena
of great interest to clarify the physical properties which ca
not be explained by previous theories, for example, attrac
between like-charged colloidal particles or polyelectrolyt
In the following, we investigate numerically the existence
charge inversion on spherical colloidal particles in an aq
ous solution.

Figure 3 shows the calculated density profiles of mic
ions with larger concentrations of multivalent salt ions. F
ures 3~a!–~c! display the results of the density profilesni(r )
for run B, run C, and run D, respectively. In Fig. 3, there

FIG. 3. ~a! The microion density profilesni(r ) for run B. The
solid line, dashed line, and dotted line shown12(r ), n22(r ), and
n11(r ), respectively.~b! Run C.~c! Run D.
04140
ect
re
-
n
.
f
-

-
-

an apparent difference from Fig. 1, where the density of m
tivalent cations n12(r ) and that of multivalent anions
n22(r ) are oscillating. In addition, there is a range of d
tancer at which the microion atmosphere is locally neg
tively charged such asn12(r ),n22(r ), i.e., with the same
sign of charges as the colloidal particle. We can also see
such charge oscillation phenomena becomes enhanced a
concentration of added salt ionsc becomes larger. Figure 4
shows the integrated charge distribution functionP(r ) with
the same parameters in Fig. 3. The profile ofP(r ) over-
shoots unity, showing a charge inversion at these distan
where the simple PB prediction is clearly incorrect. We a
observe the microion density profiles with different valen

FIG. 4. ~a! The integrated charge distribution functionP(r ) for
run B. ~b! Run C.~c! Run D.
1-3
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in Fig. 5. Figures 5~a! and ~b! show the integrated charg
distribution functionP(r ) with 2:1 and 1:1 added salt ions
respectively. Figure 5~b! shows that there is no characteris
charge inversion with monovalent salt ions@43#.

Figure 6 shows the maximum valuePmax of the integrated
charge distribution functionP(r ) with various different salt
concentrationsc. In general,Pmax becomes zero when th
charge inversion does not occur. On the other hand,Pmax
takes positive values if charge inversion occurs. In Fig. 6,
consider two different surface charge densitys of a macro-
ion. Solid squares and open squares show the results wit
surface charge densitys521.6 (e/nm2) and20.8 (e/nm2),
respectively. Figures 6~a! and~b! denote the results with 2:2
and 2:1 additional salt ions, respectively. In Fig. 6, we fi
that the maximum value ofP(r ) deviates from zero and
takes a positive value, as the concentration of added salt
c becomes large.

Rouzina and Bloomfield have theoretically analyzed
attraction between like-charged planer surfaces at a s
separation@3#. Linse and Lobaskin have applied their theo
into a spherical geometry, and proposed a criterion that
attraction can happen when the coupling parameterG obeys
G'2 or larger@12#. Here the coupling parameterG is de-
fined to be

G[S Z

4pqD 1/2 q2lb

d/21r 0
. ~6!

FIG. 5. ~a! The integrated charge distribution functionP(r )
with 2:1 electrolytes~run E!. ~b! The integrated charge distributio
function P(r ) with 1:1 electrolytes~run B!.
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They have studied asymmetric electrolytes consisting
highly charged spherical macroions and microions by co
puter simulations@12,13#. These studies have demonstrat
that the effective interaction between colloidal particles b
comes repulsive at weak electrostatic coupling, and on
other hand, the attractive force dominates between them
stronger electrostatic coupling@12–14,16,33#. These results
are not consistent with the mean-field DLVO theory, whi
predicts a purely repulsive electrostatic force between li
charged colloidal particles. The main reason of such discr
ancy is that the Poisson-Boltzmann equation neglects ion
correlations and fluctuation effects. In regard to the elec
double layer of charged colloids, we confirm that in the th
oretical treatment the continuum mean-field approximat
@30–32# is not appropriate to describe this problem, but t
primitive-model approach including the ion-ion correlatio
and the fluctuation effect is required.

IV. CONCLUSIONS

In conclusion, charge inversion phenomena of a colloi
particle are numerically investigated. We have clarified

FIG. 6. ~a! The maximum valuePmax of the integrated charge
distribution function with 2:2 added salt ions. Solid squares a
open squares show the results with surface charge densities
macroion s521.6(e/nm2) and 20.8(e/nm2), respectively.~b!
The maximum valuePmax of the integrated charge distributio
function with 2:1 added salt ions. Solid squares and open squ
show the results with surface charge densitiess521.6(e/nm2) and
20.8(e/nm2), respectively.
1-4
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CHARGE INVERSION OF COLLOIDAL PARTICLES IN . . . PHYSICAL REVIEW E63 041401
microion density profile on a charged colloidal particleni(r )
and the integrated charge distribution functionP(r ) by
Monte Carlo simulation. The calculated results have sho
that the density profiles of multivalent salt ions contrad
with the prediction by the Gouy-Chapman theory. Esp
cially, charge oscillation and charge inversion have be
confirmed where the net charge of a macroion inverts
sign. These results have confirmed the theoretical predic
in Refs.@35# and @36#, where charge inversion can occur o
a spherical colloidal particle with multivalent microions. It
expected that these phenomena will be observed directl
electrophoresis experiments.

A correct description of the nonlinear screening effect
very important in order to understand the physical proper
of soft matter, such as colloidal suspensions, lipid me
branes, and biological polyelectrolytes. From recent stud
it has been suggested that multivalent counterions are
densed and form a two-dimensional strongly correlated
uid at the surface of a macroion@35#. Deserno, Holm, and
May have performed molecular dynamics simulations a
studied the counterion condensation in a solution of hig
charged rigid polyelectrolytes@44#. They have indicated tha
while the agreement between the Poisson-Boltzmann th
and simulation is excellent in the monovalent, weak
charged case, it deteriorates with the increasing strengt
electrostatic interaction and, in particular, the increasing
lence of microions. Our numerical results have shown
importance of the ion-ion correlation and fluctuation effe
on spherical colloidal system with strong electrostatic c
in
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plings, which are neglected in the mean-field theory.
Note that such charge oscillation phenomena will ha

prounounced effects on the interaction between charged
loids. In the framework of DLVO theory, charged colloid
particles are surrounded by oppositely charged counter
and the overlap of the counterion atmosphere produces
pulsive interaction between like-charged colloidal particl
Our results have indicated that the above picture does
hold any more when the concentration of multivalent s
ions is sufficiently high, because the microion density pro
on the electric double layer becomes drastically differ
from that described in the traditional DLVO theory@for ex-
ample, see Fig. 3~c!#. In addition, we mention recent studie
in regard to the association of rodlikefd-virus particles by
multivalent ions@25#. It is highly possible that such associa
tion of rodlike colloids is caused by the anomalous behav
of the electric double layer, adding a sufficiently larg
amount of multivalent salts. These results will shed light
the microscopic origin of fluctuation-induced attraction b
tween polyelectrolytes@24,45,46#.
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